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Casimir Effect on the brane
Antonino Flachi∗ and Takahiro Tanaka†
Yukawa Institute for Theoretical Physics, Kyoto University, Kyoto 606-8502, Japan
We consider the Casimir effect between two parallel plates localized on a brane. We argue that
in order to properly compute the contribution to the Casimir energy due to any higher dimensional
field, it is necessary to take into account the localization properties of the Kaluza-Klein modes.
When the bulk field configuration is such that no massless mode appears in the spectrum, as, for
instance, when the higher dimensional field obeys twisted boundary conditions across the branes, the
correction to the Casimir energy is exponentially suppressed. When a massless mode is present in
the spectrum, the correction to the Casimir energy can be, in principle, sizeable. However, when the
bulk field is massless and strongly coupled to brane matter, the model is already excluded without
resorting to any Casimir force experiment. The case which is in principle interesting is when the
massless mode is not localized on the visible brane. We illustrate a method to compute the Casimir
energy between two parallel plates, localized on the visible brane, approximating the Kaluza-Klein
spectrum by truncation at the first excited mode. We treat this case by considering a piston-like
configuration and introduce a small parameter, ε, that takes into account the relative amplitude of
the zero mode wave function on the visible brane with respect to the massive excitation. We find
that the Casimir energy is suppressed by two factors: at lowest order in ε, the correction to the
Casimir energy comes entirely from the massive mode and turns out to be exponentially suppressed;
the next-to-leading order correction in ε follows, instead, a power-law suppression due to the small
wave function overlap of the zero-mode with matter confined on the visible brane. Generic comments
on the constraints on new physics that may arise from Casimir force experiments are also made.
I. INTRODUCTION
In 1948 Casimir predicted the presence of an attrac-
tive force, of nongravitational origin, between two paral-
lel, neutral, perfectly conducting plates [1]. This phe-
nomenon is understood as a consequence of the non-
trivial dependence of the energy of vacuum fluctuation
structure on the macroscopic boundary conditions. A
first principle calculation of the quantum vacuum pres-
sure, PC , obtained by summing all the zero-point elec-
tromagnetic fluctuations, predicts
PC =
~cπ2
240ℓ4
≈ 1.3× 10−27
(
ℓ
1m
)−4
N m2 , (1)
with ℓ being the distance between the plates. The experi-
mental verification of the Casimir effect has been pursued
for various decades [2, 3]. For the specific geometry of
a sphere close to a plane wall, the force has been mea-
sured unambiguously, up to now, with an accuracy of 1%
[4, 5, 6]. The case of two parallel plates, originally stud-
ied by Casimir, was initially examined by Sparnay, whose
experimental results were affected by a large systematic
error and thus not conclusive [7]. Only comparatively
recently, the Casimir force between two parallel plates
has been successfully measured for a plate separation of
0.5− 3.0 µm [8].
The chance to investigate experimentally the deforma-
tions of the vacuum opened up the possibility to explore
new physical phenomena at microscopic scales [9]. This
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triggered many people to study how the Casimir force
changes when additional degrees of freedom, other than
the electromagnetic one, are present. In particular, dur-
ing the past couple of years considerable activity has con-
centrated in working out modifications to the Casimir
force in the presence of extra dimensions (in some cases
in conjuction with recent work on Casimir pistons [10])
[11, 12, 13, 14, 15, 16, 17, 18, 19].
In the braneworld scenario, gravity propagates
throughout the bulk space. On macroscopic length scales
(& 0.1mm), a massless graviton zero mode reproduces or-
dinary four dimensional general relativity with the aid of
an appropriate stabilization mechanism [21]. The Stan-
dard Model (SM) fields are, instead, localized on the vis-
ible brane. These features are necessary to make the
model compatible with observations. Higher dimensional
bulk fields are also expected to exist from the view point
of realistic model construction of brane worlds. As in the
standard Kaluza-Klein models with homogeneous and
compact extra dimensions, a bulk field is perceived on
the visible brane as a tower of four dimensional fields.
The presence of bulk fields is also a necessary ingredient
to stabilize the moduli (distance between the branes, for
some examples see [26, 27, 28]).
Here, we wish to examine the corrections to the
Casimir force arising from the presence of bulk fields.
The Casimir effect is an experimentally well tested physi-
cal phenomenon, which can be understood in terms of the
vacuum fluctuations of the electro-magnetic field. If there
are large extra dimensions, their effect must be small so
that the model is compatible with current experiments.
In scenarios with extra dimensions, there is a degree of
model dependence, which is accompanied by a non-trivial
dependence of the Casimir force on the geometry of the
2experimental apparatus. However, it is easy to pin down
what are the main features of higher dimensional models
that may in principle produce non-trivial modifications
to the Casimir force.
In order to have sizeable low energy effects, extra di-
mensions should be large enough. In this case, for phe-
nomenological consistency (without resorting to Casimir
force experiments), bulk fields should be either weakly
coupled to the SM or massive enough in the four dimen-
sional sense (& TeV), to avoid deviations from the SM
predictions. Intuitively, therefore, one would expect the
corrections to the Casimir force due to higher dimen-
sional fields also to be small. However, the Casimir force
arises as a non-trivial effect of the vacuum fluctuation,
and hence may delicately depend on the renormalization.
This makes the issue of analyzing the corrections inter-
estingly subtle.
It is the aim of this paper to reconsider the role of the
corrections to the Casimir force between the ideal system
of two parallel plates in the context of viable braneworld
models.
II. BOUNDARY CONDITIONS FOR CASIMIR
FORCE EXPERIMENTS
First, we wish to discuss the boundary conditions at
the plates in the braneworld setup. When there are no
branes and the fields propagate in higher dimensions, var-
ious examples have been examined in Refs. [15, 17]. How-
ever, the situation changes in the presence of branes. In
general, when the spacetime is a product space, the wave
function of a bulk field can be decomposed as
Φ =
∑
n
ϕn(xµ)fn(y) ,
where y represents coordinate(s) of the extra dimen-
sion(s). The four dimensional effective action, assuming
four dimensional Minkowski background spacetime, will
take the standard tower-like form:
S = −1
2
∑
n
∫
d4xϕn
(
+m2n
)
ϕn . (2)
The wave function fn(y) may or may not be peaked
around the visible brane on which the SM fields are lo-
calized. The plates for which we measure the Casimir
force are composed of the SM fields, and hence they
are localized on the brane. Technically it is difficult
to impose such boundary conditions exactly. One possi-
bile approximation is to impose the boundary conditions
on the respective excitation modes independently. This
corresponds to imposing the boundary conditions as if
the plates were extended uniformly into the directions
of extra-dimensions. In other words, the scalar wave
function is confined inside a “higher dimensional box”
(see Fig. 1-a). This approximation will definitely over-
estimate the Casimir force. We will discuss this case in
that ma in principle produce non-trivial modification
to the Casimir for e.
In order to ha sizeable lo energy ects, extra di-
mensions should large enough. In this ca e, for phe-
nomen logical consistency (without resorting to Casimir
force experiments), bulk fields should either eakly
coupled to the Standard model or massiv nough in the
four dimensional sense eV), to oid deviations from
the standard mod l predicti ns. Intuitively ther fore,
one ould expect the corr cti ns to the Casimir forc
due to higher dimensional fields also to small. How-
ever, the Casimir f rce arises as non-trivial ect of the
cuum fluctuation, and hence ma delicately depend on
the renormalization. This makes the issue of nalyzi g
the corrections interestingly subtle.
I is the aim of this paper to reconsider the role of the
corrections to the Casimir force et een the ideal system
of parallel plates in the context of viable br neworld
models.
I. BOUNDAR CONDITIONS OR CASIMIR
O CE EXPERIMENTS
First, wish to discuss the oundary conditions at
the plates in the braneworld setup. When there are no
branes and the fields propagate in higher dimensions, ar-
ious examples ha een examined in Refs. [15, 17]. How-
ever, the situation hanges in the presence of branes. In
general, when the spacetime is product space, the
function of bulk field can decomposed as
where represents coordinate(s) of the extra dimen-
sion(s). The four dimensional ectiv action, assuming
four dimensional Mink wski background spacetime, will
tak the standard to er-lik form:
(2)
The function ma or ma not eaked
around the visible brane on whic the Standard model
fields are localized. The plates for whic measure
the Casimir force are composed of the Standard model
fields, and hence they are localized on the brane. ech-
nically it is di cult to impose suc oundary conditions
exactly One ossibile approximation is to impose the
oundary conditions on the respectiv excitation modes
independently This corresponds to imposing the ound-
ary conditions as if the plates ere extended uniformly
into the directions of extra-dimensions. In other ords,
the scalar function is confined inside “higher di-
mensional x” (see Fig. 1-a). This approximation will
definitely er-estimate the Casimir force. will dis-
cuss this case in the next section to sho that the Casimir
a b
FIG 1: The figure schematically shows the oundary
conditions discussed in the paper. The continuous (blue) lines
represen the branes, the circles represen the physical plates
on the brane, and the dotted (black) lines signify that these
plates are extended into the extra dimensions. The dashed
(green) lines illustrates the propagation of higher dimen-
sional field. In the left hand panel (a), higher dimensional
fields are confined in ‘higher dimensional x’ and ound-
ary conditions are im osed on eac de. In the righ hand
pannel (b), the plates are physical (localized on the brane)
and higher dimensional field can ‘by-pass’ them propagating
through the bulk, even in the erfectly reflecting case.
force is simply given the sum of contributions from re-
spectiv modes and is exponentially suppressed when all
the modes are massive.
An interesting situation arises when the lo est mode
of the Kaluza-Klein to er is (nearly) massless but the
model is still compatible with the observations ecause
its function has small erlap with the matter
on the visible brane. Here, to illustrate suc situation,
can think of the Randall-Sundrum model [20], where
o, respectively ositiv and negativ tension branes,
ound slice of five-dimensional anti-de Sitter space.
The mass scales of the model are comparable to some
Planckian cut-o scale, but energy scales measured
on the visible, negativ tension brane, are redshifted
geometrical arp factor, Here is
the in erse of the AdS curvature scale and is the width
of the slice. By taking 12, masses on the negativ
tension brane are of order aM eV. Let us consider
massless and minimally coupled scalar field propagating
in the bulk with un wisted oundary conditions. Then,
the function can decomposed as efore leading
to the standard to er-lik ectiv action, but the four-
dimensional spectrum contains normalizable, massless
zero-mode. Suc mode is localized on the hidden brane
side and its function erlap with matter localized
on the visible brane is small. The localization properties
of massless, minimally coupled scalar field propagating
in the Randall-Sundrum brane model are illustrated
in Fig. for the massless mode and the first massiv exci-
tation. In suc case should treat the oundary con-
ditions more carefully since extending the plates into the
bulk completely neglects the importan ect of suppres-
sion wing to the small e-function erlap. Namely
FIG. 1: The figure schematically shows the two boundary
conditio s discussed in the pap r. The co tinuous (blue) lines
repres nt the branes, the circles represent the physical plates
on he b ane, a the d tted (black) lines ig ify that these
plates are extended into extra dime sions. The dashed
(green) lines illustrates the pro gation of a higher dimen-
sional field. In the left hand panel (a), higher dimensi nal
fields are confined in a ‘higher dimensional box’ and bound-
ary conditions are imposed on each mode. In the rig t hand
pannel (b), the plates are physical (localized on the brane)
and hi er dimensional field can ‘by-pass’ them, propagating
through the bulk, even in the perfectly reflecting case.
the next section to show that the Casimir force is simply
given by the su of contributions from respective modes
and is exponentially suppressed when all the modes are
massive.
An interesting situation arises when the lowest mode of
the Kaluza-Klein tower is (nearly) massless but the model
is still compatible with the observations because its wave
function has a small overlap with the matter on the visi-
ble brane. Here, to illustrate such situation, we can think
of the Randall-Sundrum I model (RS) [20], where two, re-
spectively positive and negative tension 3−branes, bound
a slice of five-dimensional anti-de Sitter space. The mass
scales of the model are comparable to some Planckian
cut-off scale, MP , but energy scales measured on the
visible, negative tension brane, are redshifted by a ge-
ometrical warp factor, a ≡ e−πkrc . Here k ≤ MP is the
inverse of the AdS curvature scale and rc is the width of
the slice. By taking krc ≈ 12, masses on the negative
tension brane are of order aMP ∼TeV. Let us consider a
massless and minimally coupled scalar field propagating
in the bulk with untwisted boundary conditions. Then,
the wave function can be decomposed as before leading
to the standard tower-like effective action, but the four-
dimensional spectrum contains a normalizable, massless
zero-mode. Such mode is localized on the hidden brane
side and its wave function overlap with matter localized
on the visible brane is small. The localization properties
of a massless, minimally coupled scalar field propagat-
ing in the RS two brane model are illustrated in Fig. 2
for the massless mode and the first massive excitation. In
such a case we should treat the boundary conditions more
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FIG 2: The figure illustrates, for the case of assless ini-
ally coupled bulk scalar field, the di eren localization prop-
erties of the assless, zero-m de (blue, dashed line), and the
first excited de (orange, continuous line). The branes are
located at and and are represented ertical,
blac continuous lines.
the oundary conditions ha to imposed on the field
alue on the brane. Contrary to four dimensional fields,
whic are constrained to remain within the plates (in the
idealized case), bulk field can propagate to the other
side of the plate via the bulk. The situation is illustrated
in Fig. 1-b. This means that, even in the case of ideal
plates, partial enetration is still ossible via the bulk.
urthermore, the oundary condition should imposed
not on eac mode but on the field in total:
on the plates (3)
In section IV, will address this case.
I. CASIMIR EFFECT WITH HIGHER
DIMENSIONAL PLATES.
In this section will analyze the contribution to the
Casimir ect from higher dimensional field when the
plates are artificially extended into the extra dimensions.
also assume that the coupling of to ordinary matter
localized on the brane is so strong that the plates er-
fectly reflect the field, do not tak into accoun the
back-reaction of this field on the geometry The masses
of the modes in the Kaluza-Klein to er are given
with In the presen discussion the details
of the mass spectrum are irrelevant.
The Casimir energy er unit area is given
=1 =1
lim
→∞
lim
with
=1 −∞ −∞
(1
(4)
The constan is renormalization scale. aking the limit summations er and are replaced with
integrals. erforming these integrals, get
lim
cµ
4(3
=1
3)
(5)
The summation er can obtained using simplified ersion of the Chowla-Selberg formula (see for example
[22–24]),
lim
cµ
(3
4( 1+
=1
2+
2+ (2pm (6)
where represents the standard -th order modified
Bessel function. Notice that the Casimir force is obtained
taking the derivativ of the Casimir energy and re-
ersing the sign. The first term in the square brac ets
is independen of the separation of the plates and
hence it does not contribute to the Casimir force. The
second term is exactly linear in Adding the contribu-
tion from the field outside the plates cancels exactly
the dependence of this term. Therefore the second term
is also irrelevan for the Casimir force. Then, the only
remaining piece is the last term.
The argumen of the modified Bessel function depends
on scales: the plate separation, and the Kaluza-
Klein mass In ypical Casimir ect experiments
is fraction of micrometer, while the Kaluza-Klein
mass is at least eV. Hence, ha 1013 In
FIG. 2: The figure illustrates, for the case of a massless mini-
mally coupled bulk scalar field, the different localization prop-
erties of the massless, zero-mode (blue, dashed line), and the
first excited mode (orange, continuous line). The branes are
located at θ = 0 and θ = pi and are represented by vertical,
black continuous lines.
carefully since extending the plates into the bulk com-
pletely neglects the important effect of suppression owing
to the small wave-function overlap. Namely, the bound-
ary conditions have to be imposed on the field value on
the brane. Contrary to four dimensional fields, which are
constrained to remain within the plates (in the idealized
case), a bulk field can propagate to the other side of the
plate via the bulk. The situation is illustrated in Fig. 1-b.
This means that, even in the case of ideal plates, partial
penetration is still possible via the bulk. Furthermore,
the boundary condition should be imposed not on each
mode but on the field Φ in total:
Φ|on the plates = 0. (3)
In section IV, we will address this case.
III. CASIMIR EFFECT WITH HIGHER
DIMENSIONAL PLATES.
In this sec ion we will analyze the contribu ion to the
Casimir effect from a higher dimensional field when the
plates are artificially extended into the extra dimensions.
We also assume that the coupling of ϕ to ordinary matter
localized on the brane is so strong that the plates per-
fectly reflect the field, We do not take into account the
back-reaction of this field on the geometry. The masses
of the modes in the Kaluza-Klein tower are given by mn
with n = 1, 2, 3 · · · . In the present discussion the details
of the mass spectrum are irrelevant.
The Casimir energy per unit area is given by
E =
∞∑
n=1
En ≡
∞∑
n=1
[
lim
L→∞
lim
s→0
~c
2L2
ζn(s)
]
,
with
ζn(s) ≡ µs
∞∑
n1=1
∞∑
n2=−∞
∞∑
n3=−∞
[(πn1
ℓ
)2
+
(
2πn2
L
)2
+
(
2πn3
L
)2
+m2n
](1−s)/2
. (4)
The constant µ is a renormalization scale. Taking the limit L → ∞, summations over n2 and n3 are replaced with
integrals. Performing these integrals, we get
En = lim
s→0
− ~cµ
sπ2−s
4(3− s)ℓ3−s
∞∑
n1=1
[
n21 +
m2nℓ
2
π2
]−(s−3)/2
. (5)
The summation over n1 can be obtained using a simplified version of the Chowla-Selberg formula (see for example
[22, 23, 24]),
En = lim
s→0
~cµsm3−sn
8π(3− s)
[
1− Γ(−2 +
s
2 )mnℓ√
πΓ(− 32 + s2 )
− 4(mnℓ)
−1+ s
2
πΓ(32 +
s
2 )
∞∑
p=1
p−2+
s
2K−2+ s
2
(2pmnℓ)
]
, (6)
where Kn represents the standard n-th order modified
Bessel function. Notice that the Casimir force is obtained
by taking the derivative of the Casimir energy and re-
versing the sign. The first term in the square brackets
is independent of the separation of the two plates ℓ, and
hence it does not contribute to the Casimir force. The
second term is exactly linear in ℓ. Adding the contribu-
tion from the field outside the two plates cancels exactly
the ℓ dependence of this term. Therefore the second term
is also irrelevant for the Casimir force. Then, the only
remaining piece is the last term.
The argument of the modified Bessel function depends
4on two scales: the plate separation, ℓ, and the Kaluza-
Klein mass mn. In typical Casimir effect experiments
ℓ is a fraction of a micrometer, while the Kaluza-Klein
mass is at least ∼TeV. Hence, we have mnℓ & 1013. In
the large argument limit the modified Bessel function is
expanded as Kn(z) ≈
√
π/2z e−z. Then, the Casimir
force per unit area from each mode is evaluated to
Pn = −dEn
dℓ
≈ ~cm
5/2
n
3π2ℓ3/2
e−2mnℓ. (7)
In the above expression the regularization parameter s
has been already relaxed to 0. It is possible to take this
limit before taking the summation over n because it is
manifest that this summation is not divergent unless the
desity of states of the mass spectrum increases exponen-
tially fast. This result shows that the Casimir force is
simply given by the sum of contributions from respective
Kaluza-Klein modes under the approximation in which
the plates are assumed to be extended into the bulk.
These approximate boundary conditions are expected
to over-estimate the Casimir force. Nevertheless, the
expected effect due to bulk fields is exponentially sup-
pressed. Thus, we can conclude that massive Kaluza-
Klein modes do not give significant correction to the
Casimir force by any chance.
IV. LOCALIZED BOUNDARY CONDITIONS
In this section, we consider the case of a delocalized
massless mode with an associated massive Kaluza-Klein
tower. The RS two-brane model, with the SM fields lo-
calized on the visible brane [20], is an example of this
sort.
In general the problem is complicated due to the mix-
ing between the various excitations. Here, in order to
simplify the computation, we will consider only the con-
tribution to the Casimir force from the massless zero
mode and the first Kaluza-Klein excitation (As we have
seen in the previous section, even over-estimating the
Casimir force, the contribution of massive modes is still
negligible). In principle, our method can be extended to
include a finite number of excitations. For convenience
we rewrite the four dimensional effective action composed
of the above two terms:
S = −1
2
∫
d4x
{
φ0φ0 + φ1
(
+m21
)
φ1
}
. (8)
The plates are located at x = 0, and x = ℓ and we will
also introduce an artificial boundary at x = L. Such
artificial boundary is sent to infinity at the end. The
situation is described in Fig. 3. The boundary condition
(3) becomes
0 = φ1 + εφ0|x=ℓ ,
while the perpendicular combination φ0 − εφ1 must be
smooth at x = ℓ. The quantity ε is a small constant that
the large argumen limit the modified Bessel function is
expanded as Then, the Casimir
force er unit area from eac mode is evaluated to
cm
(7)
In the ab expression the regularization parameter
has een already relaxed to 0. It is ossible to tak this
limit efore taking the summation er ecause it is
manifest that this sum ation is not divergen unless the
desit of states of the mass spectrum increases exponen-
tially fast. This result shows that the Casimir force is
simply given the sum of contributions f o respectiv
Kaluza-Klein modes under the approxima ion in whic
the plates are assumed to extended into the bulk.
These approximate oundary conditions are expected
to er-estimate the Casimir force. Nevertheless, the
expected ect due to bulk fields is exponentially sup-
pressed. Thus, can conclude that massiv Kaluza-
Klein modes do not giv significan correction to the
Casimir force an hance.
IV. LOCALIZED BOUNDAR CONDITIONS
In this section, consider the c se of deloc lized
massless mode with an associated massiv Kaluza-Klein
to er. The Randall-Sundrum o-brane model, with the
Standard Model fields localized on the visible brane [20],
is an example of this sort.
In general the problem is complicated due to the mix-
ing et een the arious excitations. Here, in order to
simplify the computation, will consider only the con-
tributi to the Casimir for e from the mass ess zero
ode and the first Kaluza-Klein excitation (As ha
seen in the previous section, even er-estimating the
Casimir force, the contribution of massiv modes is still
negligible). In principle, our metho can extended to
include finite um er of excitations. or con enience
rewrite the four dimensional ectiv action composed
of the ab terms:
(8)
The plates are located at 0, and and will
also introduce an artificial oundary at Suc
artificial oundary is sen to infinit at the end. The
situation is described in Fig. 3. The oundary condition
(3) ecomes
εφ
while the erpendicular combination εφ ust
smooth at The quantit is smal constan that
fixes the amplitude of the function at the brane.
Imposing Dirichlet oundary conditions at
=0,L for
x = 0 x = x¯ x = L
φi = 0 εφ0 + φ1 = 0 φi = 0
FIG 3: The figure illustrates the oundary conditions.
fixes the functions in the direction to
sin for
sin for
sin )) for
sin )) for
The oundary conditions can arranged in matrix form
leading to
sin sin κℓ sin sin κℓ
cos εκ cos κℓ cos εκ cos κℓ
sin sin κℓ
sin sin κℓ
(9)
where The quantization condition on the frequencies is then given equating the determinan of the
ab matrix to zero:
sin κℓ sin κℓ sin sin sin sin
The ab equation can solved iteratively expand- ing around the solution as
... (10)
... (11)
FIG. 3: The figure illustrates the boundary conditions.
fixes the amplitude of the wave functi at the brane.
Imposing Dirichlet boundary conditions at x = 0, L,
0 = φi|x=0,L , for i = 0, 1 ,
fixes the wave functions in the x−direction to be
φ0 = a1 sin (ωx) , for 0 ≤ x < ℓ ,
φ1 = b1 sin (κx) , for 0 ≤ x < ℓ ,
φ0 = a2 sin (ω(x− L)) , for ℓ < x ≤ L ,
φ1 = b2 sin (κ(x− L)) , for ℓ < x ≤ L .
The boundary conditions can be arranged in matrix form
leading to


sin (ωℓ) −ε sin (κℓ) sin (ωℓ′) −ε sin (κℓ′)
ω cos (ωℓ) −εκ cos (κℓ) −ω cos (ωℓ′) εκ cos (κℓ′)
ε sin (ωℓ) sin (κℓ) 0 0
0 0 −ε sin (ωℓ′) − sin (κℓ′)




a1
b1
a2
b2

 = 0 , (9)
where ℓ′ ≡ L − ℓ. The quantization condition on the frequencies is then given by equating the determinant of the
above matrix to zero:
0 = ω sin (κℓ) sin (κℓ′) sin (ωL) + ε2κ sin (ωℓ) sin (ωℓ′) sin (κL) .
The above equation can be solved iteratively by expand- ing around the ε = 0 solution as
κ = κ0 + ε
2κ1 + ... , (10)
ω = ω0 + ε
2ω1 + ... . (11)
5The lowest order eigenvalues are given by
κ
(1)
0 =
πn
ℓ
,
κ
(2)
0 =
πn
ℓ′
,
ω
(3)
0 =
πn
L
,
while next order corrections are given by
κ
(1)
1 = −
κ
(1)
0
2ω
(1)
0 ℓ
sin(2ω
(1)
0 ℓ),
κ
(2)
1 = −
κ
(2)
0
2ω
(2)
0 ℓ
′
sin(2ω
(2)
0 ℓ),
ω
(3)
1 =
κ
(3)
0
2ω
(3)
0 L
(
1− cos(2ω(3)0 ℓ)
)
cot k0ℓ.
In the above expressions, we dropped terms that vanish
after taking average over L (keeping finite L till the end
will give the result for a piston localized on the brane).
The above procedure can be automatically iterated and
the corrections computed to any desired order.
A. Leading order corrections to the Casimir
energy.
The Casimir energy can be computed in the usual way.
Expanding up to second order in ε one arrives at the
following expression:
E = ~cµ
s
8π
Γ((s− 3)/2)
Γ((s− 1)/2)
(
Z(s) + (3 − s)ε2Y (s))
+ O(ε4) , (12)
with
Z(s) ≡
∑
ω
(3−s)
0 ,
Y (s) ≡
∑
ω1ω
(2−s)
0 ,
where the sums extend over all the allowed configurations
of eigenvalues given in the previous sub-section. The first
term in (12) corresponds to the zero-order contribution.
The only eigenvalue set that contributes to the Casimir
energy in the large L limit is
{
κ
(1)
0 , κ
(1)
1
}
. This is not sur-
prising, since we expect the contribution from the mas-
sive mode to be the dominant one at leading order in
ε. The explicit expression can be cast in the form of an
Epstein-Hurwitz zeta function and rearranged by using
the Chowla-Selberg formula as in the previous section.
Explicitly, the leading (O(ε0)) correction to the energy
reads
E = −~c
8
λ2
ℓ3
∑
n
K−2 (2πλn) , (13)
where we have defined λ ≡ m1ℓ/π. For large λ, the large
argument expansion of the Bessel function leads again to
an exponentially suppressed contribution to the energy,
E ≃ −~c
16
λ3/2
ℓ3
e−2πλ . (14)
This is to be expected and it is in analogy with the dis-
cussion in conclusion to Section III.
B. sub-leading corrections
The sub-leading correction to the energy is instead more complicated to evaluate. We have to consider the contri-
butions from the three sets of eigenvalues. The first contribution can be cast in the following form:
Y (1) ≡
∑
ω
(1)
1 (ω
(1)
0 )
2−s
= − 1
2ℓ
(π
ℓ
)2−s∑
n2(n2 + λ2)−s/2 sin(2π
√
n2 + λ2) . (15)
The above sum, for some special values of s, can be recast in terms of Schlo¨milch-type series [29]. However, due
to the fact that we need to analytically continue to s = 0, we cannot directly apply the results available for those
examples. The most direct way ia to use the Abel-Plana summation formula. However, as we will see, the above
contribution will be exactely canceled by a contribution from Y (3) below, sparing us from its explicit computation.
The contribution from the second set of eigenvalues is:
Y (2) ≡
∑
ω
(2)
1 (ω
(2)
0 )
2−s
= − 1
2ℓ′
( π
ℓ′
)2−s∑
n2(n2 + λ′2)−s/2 sin
(
2π
ℓ
ℓ′
√
n2 + λ′2
)
, (16)
6where λ′ ≡ m1ℓ′/π. In the large L limit, the above sum can be recast in the form of an integral:
Y (2) ≡ − 1
4πℓ
(
1
2ℓ
)2−s ∫ ∞
λ˜
dt t1−s(t2 − λ˜2)1/2 sin t
=
1
16πℓ3
ℜ
(
i
2ℓ
)−s ∫ ∞
iλ˜
dy y1−s(y2 + λ˜2)1/2e−y, (17)
where λ˜ ≡ 2πλ = 2m1ℓ. The above integral is finite for s = 0, and it can be easily evaluated expanding the integrand
for large λ:
Y (2) =
1
32
√
πℓ3
{
cos λ˜
(
λ˜3/2 − 15
8
λ˜1/2 − 105
128
λ˜−1/2 + · · ·
)
+ sin λ˜
(
λ˜3/2 − 15
8
λ˜1/2 +
105
128
λ˜−1/2 + · · ·
)}
. (18)
The contribution from the third set of eigenvalues leads to
Y (3) ≡
∑
ω
(3)
1 (ω
(3)
0 )
2−s
=
1
2L
∑
ω1−s0
√
ω20 +m
2(1− cos 2ω0ℓ) cot
(√
ω20 +m
2ℓ
)
. (19)
Setting t =
√
ω20 +m
2ℓ/π, and taking large L limit, the summation over n is, again, replaced with the integral∫
dt ℓ2ω0/(πtL):
Y (3) =
π2
2ℓ3
(π
ℓ
)−s
P
∫ ∞
0
dt t2(t2 + λ2)−s/2
(
1− cos(2π
√
t2 + λ2)
)
cotπt , (20)
where P
∫
means the principal part integral. We divide this expression into two parts. The first part can be written
as
Y
(3)
1 ≡
π2
2ℓ3
(π
ℓ
)−s
P
∫ ∞
0
dt t2(t2 + λ2)−s/2 cot[π(t+ iǫ)]
= − π
2
2ℓ3
(π
ℓ
)−s
ℜ
[∫ ∞
0
du u2(λ2 − u2)−s/2(coth(πu)− 1) +
∫ ∞
0
du u2(λ2 − u2)−s/2
]
. (21)
The first integral in the last line of the above expression is finite for s→ 0. Hence, setting s = 0, we obtain
ℜ
∫ ∞
0
du u2(coth(πu)− 1) = ζ(3)
2π3
. (22)
The second integral can be evaluated by analytical continuation as
ℜ
∫ ∞
0
du u2(λ2 − u2)−s/2 = −
√
πλ3−seπis/2Γ[(s− 3)/2]
4Γ[s/2]
→ 0, for s→ 0. (23)
The second part of (20) can be decomposed into the contribution from the contour integral and residues as
Y
(3)
2 ≡ −
π2
2ℓ3
(π
ℓ
)−s [
ℜ
∫ ∞
0
dt t2(t2 + λ2)−s/2 cot[π(t+ iǫ)] exp[2πi
√
t2 + λ2]
−
∑
2πn2(n2 + λ2)−s/2 sin(2π
√
n2 + λ2)
]
. (24)
The part corresponding to the second term in the square brackets, which comes from the residues, completely cancels
Y (1), as we anticipated. Hence, the combination Y (1) + Y
(3)
2 is expressed by the part corresponding to the remaining
term in the square brackets in (24). This contribution is finite in the limit s → 0, and, rotating the phase of the
integration contour by π/2, we have
Y (1) + Y
(3)
2 =
π2
2ℓ3
ℜ
∫ ∞
0
du u2[(coth(πu)− 1) + 1] exp(2πi
√
λ2 − u2). (25)
7As for the second term in the square brackets, by changing the integration variable to y = 2π
√
u2 − λ, we find that
this contribution is exactly the same as Y (2). The first term can be evaluated by expanding with respect to λ˜, leading
to
π2
2ℓ3
∫ ∞
0
du u2 exp(2πi
√
λ2 − u2)(coth(πu)− 1)
=
1
8πℓ3
{
cos(λ˜)
(
ζ(3) +
45ζ(7)
λ˜2
− 1260ζ(9)− 4725ζ(11)
λ˜4
+ · · ·
)
+sin(λ˜)
(
6ζ(5)
λ˜
+
45ζ(7)− 420ζ(9)
λ˜3
+ · · ·
)}
. (26)
Combining all results, we can write the O(ε2) correction to the Casimir energy, δE , as
δE = ε2 ~c
16π2ℓ3
{
ζ(3)− cos(λ˜)
[√
π
(
λ˜3/2 − 15
8
λ˜1/2 − 105
128
λ˜−1/2 + · · ·
)
+
(
−ζ(3) + 45ζ(7)
λ˜2
+ · · ·
)]
− sin(λ˜)
[√
π
(
λ˜3/2 − 15
8
λ˜1/2 +
105
128
λ˜−1/2 + · · ·
)
+
(
6ζ(5)
λ˜
+
45ζ(7)− 420ζ(9)
λ˜3
+ · · ·
)]}
. (27)
From the above expression it is clear that there is no
exponential suppression for the corrections of O(ε2), and
the only suppression comes from the fact that ε is small
if the wave function overlap of the zero mode with matter
on the visible brane is small.
V. CONSTRAINTS ON NEW PHYSICS FROM
CASIMIR FORCE EXPERIMENTS
Before concluding our paper, we wish to summarize
our point of view concerning the role of the corrections
to the Casimir force that can in principle be produced
by additional degrees of freedom to those of the SM. In
considering modifications to the Casimir force and the
possibility that these may be detected with forthcoming
precision experiments, it is necessary to clarify that the
model itself is not ruled out a priori. When extra degrees
of freedom (regardless whether they come from higher
dimensions or arise in different ways) are introduced, in
order for Casimir force experiments to be able to reaveal
their presence, these extra fields must be coupled to the
SM and the SM must be charged under these additional
degrees of freedom. Clearly, the possibility that the SM
particles are strongly coupled to the above additional
fields is not admissible. A first essential point is that the
Casimir force arises as a quantum effect, and thus it is
sub-leading with respect to the classical long range force
arising from massless modes. In order for such quantum
contributions to become dominant, the long range force
must be suppressed. One possibility is that SM particles
are very weakly coupled to the extra degree(s) of free-
dom, not excluding the possibility that the Casimir force,
which arises as a collective effect, is non negligible. Notice
that standard boundary conditions used in Casimir force
calculations can be a reasonable approximation even if
the coupling is weak. The above arguments lead various
people to compute the Casimir force under the presence
of extra spatial dimensions. The general conclusion was
that the corrections from higher dimensional degrees of
freedom are sizeable.
In this work we reconsidered the above issues and fo-
cused our attention to the non-trivial case of RS-type
models, in which the weak coupling between the higher
dimensional degrees of freedom and the SM localized on
the brane arises as an effect of small wave function over-
lap. Contrary to the above mentioned claims, our results
show that the corrections because of higher dimensional
degrees of freedom are negligible. Our method does not
rely on the details of the model. It applies whenever weak
coupling is realized due to small wave function overlap,
offering one possible (correct) way to compute the force.
In conclusion to this section, we wish to mention an-
other important point: whether the results we have ob-
tained for the RS model, are generic. One possible alter-
native way to realize the suppression of the classical long
range force is to consider two plates uncharged under
the additional degrees of freedom. In this case, although
the plates are uncharged, atoms should be assumed to
possess an additional dipole moment. The presence of
dipoles realizes Dirichlet-type boundary conditions for
the additional degrees of freedom and generate a Casimir-
like force. However, in order to avoid conflict with ob-
servations, one must forbid un-paired monopole charges.
This implies that, at least at low energies, these extra de-
grees of freedom must be confining. How Casimir force
experiments may constrain such confining theories is a
very interesting question, but beyond the scope of our
paper. We hope to return to this issue in the near fu-
ture.
8VI. CONCLUSIONS
In this paper we analyzed the corrections to the
Casimir energy between two perfectly conducting parallel
plates located on a brane embedded in a higher dimen-
sional space. We clarified the role of the boundary con-
ditions at the plates and pointed out that imposing the
boundary conditions individually on each Kaluza-Klein
mode corresponds to artificially extending the plates in
the bulk. This produces in general an over-estimation of
the Casimir force. In this case, we explicitly showed that
the correction to the Casimir effect is exponentially sup-
pressed, if all the Kaluza-Klein modes are massive. The
contribution from the zero mode is more subtle to exam-
ine. First of all, the presence of a massless mode localized
on the visible brane, strongly coupled to matter on the
brane, must be excluded for obvious reasons. A less ob-
vious case, is when the massless mode is not localized on
the visible brane. This case cannot be ruled out from
the beginning if the coupling between the plates and the
extra massless mode is small, even if SM fields (and thus
the plates) are charged under this extra degree of free-
dom. In this case, production of this extra mode would
be suppressed, for example, in particle collision, however,
we cannot rule out the possibility that observable effects
may arise as a collective phenomena like the Casimir ef-
fect. We described a method to study the Casimir effect,
when the zero-mode has a small wave function overlap
compared to the massive excitations. We introduced a
new form of boundary conditions that is imposed not on
each Kaluza-Klein excitation individually, but on a linear
combination of zero mode and massive excitations. When
the amplitude of the zero mode wave function on the vis-
ible brane is small, the Casimir energy can be computed
perturbatively to any desired order. We carried out this
computation to second order and showed that bulk fields
only induce small corrections to the Casimir effect. The
suppression arises at zero order in the relative localiza-
tion between the massless and massive modes, described
by a parameter ε, because of the fact that the zero mode
is completely decoupled and the contribution comes only
from the massive excitation, which is exponentially sup-
pressed. At next order in ε, the correction is only sup-
pressed (by the factor ε2) due to small wave function
overlap. The above results seem to indicate that it is dif-
ficult to get stringent constraints on models of RS type,
in its simplest incarnations, from Casimir force measure-
ments. Generalization of our results can be easily ob-
tained for different types of bulk field and are expected
to hold when the relative amplitude of the zero mode
wave function on the visible brane with respect to the
massive mode(s) is small.
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